Biracks and biquandles, which are useful for studying the knot theory, are special families of solutions to the set-theoretic Yang-Baxter equation. A homology theory for the set-theoretic Yang-Baxter equation was developed by Carter, Elhamdadi and Saito in order to construct knot invariants. In this paper, we construct a normalized homology theory of a set-theoretic solution of the Yang-Baxter equation. For a biquandle X, its geometric realization BX is constructed, which has the potential to build invariants of links and knotted surfaces. In particular, we demonstrate that the second homotopy group of BX is finitely generated if the biquandle X is finite.
Introduction
The Yang-Baxter equation has played an important role in various fields such as quantum group theory, braided categories, and low-dimensional topology since it was first introduced independently in a study of theoretical physics by Yang [28] and statistical mechanics by Baxter [1] . In particular, since the discovery of the Jones polynomial [11] in 1984, it has been extensively studied in knot theory 1 . As a homological approach, Carter, Elhamdadi, and Saito [2] defined a (co)homology theory for set-theoretic Yang-Baxter operators, from which they provided a method to generate link invariants, and further developments were made by Przytycki [22] 2 . Meanwhile, Joyce [12] and Matveev [17] independently introduced a self-distributive algebraic structure, called a quandle, which satisfies axioms motivated by the Reidemeister moves, and it has been generalized as a biquandle. Quandles and biquandles are solutions of the set-theoretic Yang-Baxter equation, which have been used to define homotopical and homological invariants of knots and links [20, 21, 29, 2, 4, 3] . This paper describes the study of a normalized homology theory of a set-theoretic solution of the Yang-Baxter equation and its geometric realization.
1.1. Preliminary. Let k be a commutative ring with unity and X be a set. We denote by V the free k-module generated by X. Then, a k-linear map R : V ⊗ V → V ⊗ V is called a pre-Yang-Baxter operator if it satisfies the equation of the following maps V ⊗V ⊗V → V ⊗V ⊗V :
We call a pre-Yang-Baxter operator R a Yang-Baxter operator if it is invertible.
The classification of the solutions of the Yang-Baxter equation has been actively studied. Following the study by Drinfel ′ d [5] , the set-theoretic solutions of the Yang-Baxter equation have been the focus of various studies [6, 7, 14, 15, 27] . Definition 1.1. For a given set X, a function R : X × X → X × X satisfying the following equation (called a set-theoretic Yang-Baxter equation)
is called a set-theoretic pre-Yang-Baxter operator or a set-theoretic solution of the Yang-Baxter equation. In addition, if R is invertible, then we call R a set-theoretic Yang-Baxter operator.
Special families known as biracks and biquandles are strongly related to the knot theory. Their precise definitions are as follows:
For a given set X, let R be a set-theoretic Yang-Baxter operator denoted by 3, 4) , and R j : X × X → X (j = 1, 2) are binary operations. We consider the following conditions:
(1) For any
In this case,
The algebraic structure (X, R 1 , R 2 ) is called a birack if it satisfies the conditions (1) and (2) . A birack is a biquandle if the condition (3) is also satisfied. Remark 1.3. The condition (3) in Definition 1.2 implies that for any A 2 ∈ X, there is a unique A 1 ∈ X such that R(A 1 , A 2 ) = (A 1 , A 2 ). See Remark 3.3 in [2] . Example 1.4.
(1) Let C n be the cyclic rack of order n, i.e., the cyclic group Z n of order n with the operation i * j = i + 1 (mod n). Then the function R : X × X → X × X defined by
forms a set-theoretic Yang-Baxter operator. Moreover, (C n , R 1 , R 2 ) is a biquandle, called a cyclic biquandle.
(2) [2] Let k be a commutative ring with unity 1 and with units s and t such that
is a set-theoretic Yang-Baxter operator, and (k, R 1 , R 2 ) forms a biquandle, called an Alexander biquandle. For example, let k = Z n with units s and t such that n = |(1 − s)(1 − t)|, then the function R defined as above forms a set-theoretic Yang-Baxter operator and Z n;s,t := (Z n , R 1 , R 2 ) is a biquandle.
Normalized homology of a set-theoretic solution of the Yang-Baxter equation
In this section, we study a normalized homology theory for set-theoretic solutions of the Yang-Baxter equation, defined in a similar way as to obtain the quandle homology [4] from the rack homology [9, 10] . First, we review the homology theory for the set-theoretic Yang-Baxter equation based on [2] .
For a set X, let R : X ×X → X ×X be a set-theoretic Yang-Baxter operator on X. For each integer n > 0, we define the n-chain group C Y B n (X) to be the free abelian group generated by the elements of X n and the n-boundary homomorphism
Then
forms a chain complex, and the yielded homology H Y B * (X) is called the set-theoretic Yang-Baxter homology of X.
Consider the subgroup C D n (X) of C Y B n (X) defined by
if n ≥ 2, otherwise we let C D n (X) = 0.
Proof. We need to show that ∂ Y B n (C D n (X)) ⊂ C D n−1 (X) for every n > 0. Let (x 1 , . . . , x n ) ∈ C D n (X). Then there exists j ∈ {1, . . . , n − 1} such that R(x j , x j+1 ) = (x j , x j+1 ), and we denote such x j+1 by x j .
(1) Clearly d l i,n (x 1 , . . . , x j , x j , . . . , x n ) ∈ C D n−1 (X) if i < j. (2) When i = j and i = j + 1, the terms cancel each other because R(x j , x j ) = (x j , x j ); thus,
and there is a sign difference.
(3) When i > j, denote by d l i,n (x 1 , . . . , x j , x j , . . . , x n ) = (y 1 , . . . , y j , y j+1 , . . . , y i−1 , x i+1 , . . . , x n ). We prove that y j+1 = y j so that d l i,n (x 1 , . . . , x j , x j , . . . , x n ) ∈ C D n−1 (X). By the definition of the face map d l i,n , we have
where z is the (j + 2)th coordinate of (Id
. , x j , x j , . . . , x n ) and w is the jth coordinate of (Id 
Therefore, R(y j , y j+1 ) = (y j , y j+1 ), i.e., y j+1 = y j as desired.
The homology H D n (X) = H n (C D * (X)) is called the degenerate set-theoretic Yang-Baxter homology groups of X. Consider the quotient chain complex C N Y B *
Definition 2.2. Let R be a set-theoretic Yang-Baxter operator on X. For a given abelian group A, the homology group
is called the nth normalized set-theoretic Yang-Baxter homology group of X with coefficient group A.
It is natural to ask whether the set-theoretic Yang-Baxter homology groups can be split into the normalized and degenerated parts. General degeneracies and decompositions in the set-theoretic Yang-Baxter homology of a semi-strong skew cubical structure have been 
discussed in [13] . However, the above is not a semi-strong skew cubical structure in general.
It was proven in [23] that the set-theoretic Yang-Baxter homology of a cyclic biquandle can be split into the normalized and degenerated parts.
Problem 2.3. The set-theoretic Yang-Baxter homology of any biquandle splits into the normalized and degenerate parts.
Biquandle spaces and their homotopy groups
A pre-simplicial set 3 X = (X n , d i ) is a collection of sets X n , n ≥ 0 together with face maps d i := d i,n : X n → X n−1 , which are defined for 0 ≤ i ≤ n and satisfy the relation
The dependencies with respect to n are typically omitted from its notation. A pre-simplicial set can be turned into a chain complex (C n , ∂ n ), where C n = ZX n is the free abelian group generated by the elements of X n , and ∂ n is the linearization of
The geometric realization |X | of a pre-simplicial set X = (X n , d i ) is the cell complex constructed by gluing together standard simplices with the instruction provided by X . A detailed construction is as follows:
• each set X n is endowed with the discrete topology;
is the n-simplex with its standard topology;
• the equivalence relation ∼ is defined by (
, where x ∈ X n , t ∈ △ n−1 and d i := d i,n : △ n−1 → △ n are the coface maps given by d i (t 0 , . . . , t n−1 ) = (t 0 , . . . , t i−1 , 0, t i , . . . , t n−1 ) for 0 ≤ i ≤ n and satisfy the relation
Note that |X | is a cell-complex with one n-cell for each element of X n , and the homology of |X | coincides with that of the chain complex (C n , ∂ n ).
The cubical category can be developed in a similar way to the simplicial one. A pre-cubical set 4 X = (X n , d ε i ) is a collection of sets X n , n ≥ 0 with face maps d ε i := d ε i,n : X n → X n−1 , which are defined for 1 ≤ i ≤ n, ε ∈ {0, 1} and satisfy the relation
. A pre-cubical set can also be turned into a chain complex (C n , ∂ n ), where C n = ZX n is the free abelian group generated by the elements of X n , and ∂ n is the linearization of
. One can obtain the geometric realization |X | of a pre-cubical set X = (X n , d ε i ) by gluing together standard cubes with the instruction provided by X :
• n = [0, 1] n is the n-cube with its standard topology;
. Again, |X | is a cell-complex with one n-cell for each element of X n , and the homology of |X | coincides with that of the chain complex (C n , ∂ n ).
3.1.
Biquandle spaces. For a given set X, let R = (R 1 , R 2 ) : X × X → X × X be a set-theoretic Yang-Baxter operator. We define the face maps d r i , d l i : X n → X n−1 by
). Then X = (X n , d r i , d l i ) forms a pre-cubical set, where X 0 is a singleton set { * }. In this case the homology of its geometric realization |X | is the homology for the set-theoretic Yang-Baxter equation in [2] (see Figure 3 .1). When (X, R 1 , R 2 ) is a birack, its geometric realization is called a birack space. If (X, R 1 .R 2 ) is a biquandle, the birack space can be transformed into a more interesting space, called a biquandle space, which can be used for constructing link invariants, in analogy to the way quandle spaces in [20] where obtained from rack spaces [9] .
We inductively define the n-skeleton (n ≥ 3) of a biquandle space. Suppose that (X, R 1 , R 2 ) is a biquandle. Let |X | n be the n-skeleton of |X |. For each x ∈ X, we denote the unique element y ∈ X such that R(x, y) = (x, y) by x, i.e., R(x, x) = (x, x). Consider the subset For x . Note that every C 3
x is a subspace of BX 3 . We denote
where ι x : C 3 x ֒→ BX 3 are inclusion maps, and C ιx is its mapping cone (see Figure 3 .3). Suppose that BX n−1 is the cell complex obtained in the previous step. For each x ∈ D n−1 , we can obtain the subspace C n−1 x of BX n−1 similar to the above by inductively attaching k-dimensional cells for 3 ≤ k ≤ n − 1 with respect to the elements of D k−1
Then the union of the mapping cones
is the n-skeleton BX n of the biquandle space BX. By construction, the homology of the biquandle space BX coincides with the normalized set-theoretic Yang-Baxter homology of the biquandle X.
If n = 4, BX 4 is the 4-skeleton of the biquandle space, which is especially important for classical and surface-knot-theoretic applications, and is given particular attention in this paper.
3.2.
Homological and homotopical link invariants. The rack homotopy invariant of framed oriented links, obtained from the classifying spaces of racks, was introduced previously [9] . It was transformed into the quandle homotopy invariant [20, 21] and the shadow , (a , b) ) , (a , b) ) [29] of oriented links using the classifying spaces of quandles, which are constructed by adding extra cells to the classifying spaces of racks. In a similar manner, we construct a homotopy invariant of oriented links using the classifying spaces of biquandles. Let K be an oriented link (respectively, an oriented closed knotted surface). Let (X, R 1 , R 2 ) be a biquandle. We call a generic projection of K into R 2 (respectively, R 3 ) a diagram of K. For each n = 2, 3, consider the one-point compactification S n of R n with base point ∞. A biquandle coloring by X of an oriented diagram of K is an assignment of the elements of X to the semi-arcs (respectively, faces) of the oriented diagram with the convention depicted in Figure 3 .4 (respectively, in Figure 3 .5). Note that an X-colored crossing (respectively, an Xcolored triple point) of K represents a chain ±(a, b) (respectively, ±(a, b, c)) in C N Y B n (X; Z) (see Figures 3.1, 3 .4, 3.5 and compare them to each other). The signs of the chain are determined by the orientations of the corresponding cells. An X-colored diagram of K represents a cycle in Z N Y B n (X; Z) (for n = 2, 3) that is the signed sum of the chains represented by all crossings of the diagram of K. Proof. Let D 1 and D 2 be two diagrams representing K. Note that one diagram can be transformed into the other by a finite sequence of Reidemeister moves or Roseman moves. One can show that each move either does not affect the represented cycle or changes its homology class by a boundary (cf. [4] Theorem 5.6), i.e., the representative cycles of D 1 and D 2 are homologous.
We let BX be (the 4-skeleton of) the biquandle space of X. Proof. It is well-known that two diagrams represent the same oriented link (respectively, closed knotted surface) if and only if they are related by a finite sequence of Reidemeister moves (respectively, Roseman moves). Suppose that the diagram D of an oriented link (respectively, an oriented closed knotted surface) is placed inside I 2 (respectively, I 3 ), where I = [0, 1] is the unit interval. For a given biquandle X, each X-colored crossing of D is enveloped in a rectangle (respectively, a rectangular box) labeled by the chain represented by the crossing. Then the boundary of I 2 (respectively, I 3 ) is mapped to the base point * of the biquandle space BX and the union of the rectangles (respectively, rectangular boxes) is mapped to BX (see Figure 3 .6). Then the homotopy class of the map is an invariant under Reidemeister moves (respectively, Roseman moves) since every diagrammatic equivalence corresponds to a cell in BX. (cf. [20, 29, 21] ). By using Proposition 3.1 and Proposition 3.2, one can construct homological and homotopical link invariants in a similar manner to [4, 20, 21] . For example, we define the homotopical state-sum invariants of oriented links and oriented closed knotted surfaces as follows:
Let K be an oriented link or an oriented closed knotted surface, and let D be its diagram. For a given biquandle X, we denote by Col X (D) the set of biquandle colorings of D by X. 3.3. The second homotopy groups of biquandle spaces. Some properties of the homotopy groups of quandle spaces were discussed in [20, 21] . In a way similar to the idea shown in [9, 20, 21] , we prove that the second homotopy group of a biquandle space (respectively, a birack space) is finitely generated if the biquandle (respectively, the birack) is finite.
It was shown in [9] that every rack space is a simple space, i.e., π 1 acts trivially on π n for each n > 1. We can generalize it on birack spaces in a similar way. Lemma 3.3. Let X be a birack, and let |X | be the birack space of X. Then the canonical action of π 1 (|X |) onto π 2 (|X |) is trivial.
Proof. We consider the elements of π 2 (|X |) as the homotopy classes of the maps (I 2 , ∂I 2 ) → (|X |, * ), where * is the base point of |X |. For each loop γ in |X |, we consider the basepointchange homomorphism obtained by using γ to define the map I 2 ∪ (∂I 2 × I) → |X |. This map can be extended into a map I 3 → |X |. Note that we may consider each map (I 2 , ∂I 2 ) → (|X |, * ) as the dual decomposition of I 2 by the X-colored diagram of an oriented link L, and the cube I 3 can be considered the union of 3-cells of |X |, corresponding to the Reidemeister III moves as the γ loop passes over the diagram of L (cf. Sections 3-4, [9] ). Since the action takes the face opposite of the original I 2 ⊂ I 3 and the images of the top and bottom of I 3 are homotopic, the action is trivial.
The following proposition gives us a long exact sequence which is used in the proof of Theorem 3.6.
Proposition 3.4. [19]
Let M be a connected CW-complex with the trivial canonical action of π 1 (M) on π 2 (M). Then we have the following long exact sequence:
where H 3 (π 1 (M); Z) is the group homology, τ is the transgression map, and h is the Hurewicz homomorphism.
Let X be a set, and let R be a set-theoretic Yang-Baxter operator on X. The associated group or enveloping group of (X, R), denoted by AS(X, R), is the group with X as the set of generators and defining relations xy = R 1 (x, y)R 2 (x, y) for all x, y ∈ X. Note that if X is a birack, then AS(X, R) is isomorphic to π 1 (|X |) by the definition of the birack space |X |. Lemma 3.5. Let X be a finite birack. Consider the set X, which consists of the elements in X and their inverse elements in the free group F X generated by X. We denote the symmetric group on X by Sym(X). Then there exists a homomorphism φ : AS(X) → Sym(X) × Sym(X) op such that (1) Ker(φ) is finitely generated and abelian;
(2) Im(φ) is finite.
Proof.
(1) Based on the construction in [15] , we let ξ and η be the left and right actions of AS(X) on itself that extend R 1 and R 2 respectively. Consider the homomorphism φ : AS(X) → Sym(X) × Sym(X) op defined by φ(a) = (ξ X (a), (a)η X ), where ξ X , η X : AS(X) → Sym(X) are the homomorphism induced by ξ and the anti-homomorphism induced by η respectively (see [15] for further details). It is clear that Ker(φ) = Ker(ξ X ) ∩ Ker(η X ). Then Proposition 6 in [15] implies that Ker(φ) is finitely generated and abelian.
(2) Since X is finite and Im(φ) is a subgroup of Sym(X) × Sym(X) op , Im(φ) is finite.
Theorem 3.6. For any finite birack X, π 2 (|X |) is finitely generated. If X is a finite biquandle, then π 2 (BX) is also finitely generated.
Proof. (i) Since X is a birack, the sequence
is exact by Lemma 3.3 and Proposition 3.4.
(ii) Since X is finite, its rack space |X | contains only finitely many 2-cells. Thus H 2 (|X |; Z) is finitely generated.
(iii) Let φ : AS(X) → Sym(X) × Sym(X) op be the homomorphism defined in Lemma 3.5. Consider the canonical short exact sequence 0 → Ker(φ) → AS(X) → Im(φ) → 0.
Then the Lyndon-Hochschild-Serre spectral sequence of the group extension above takes the form E 2 p,q ∼ = H p (Im(φ); H q (Ker(φ); Z)) ⇒ H p+q (AS(X); Z).
Note that Ker(φ) is finitely generated and abelian by Lemma 3.5 (1) . Then H q (Ker(φ); Z) is finitely generated, and so is H p (Im(φ); H q (Ker(φ); Z)) because Im(φ) is finite by Lemma 3.5(2), i.e., H * (AS(X); Z) is finitely generated. Accordingly, H * (π 1 (|X |); Z) is finitely generated since AS(X, R) is isomorphic to π 1 (|X |).
Therefore, π 2 (|X |) is finitely generated by (i), (ii), and (iii). Moreover, for a biquandle X, the inclusion map |X | ֒→ BX induces the epimorphism π 2 (|X |) → π 2 (BX). Hence, π 2 (BX) is also finitely generated if X is finite.
